In order to facilitate the leaf sequencing process in intensity modulated radiation therapy (IMRT), and design of a practical leaf sequencing algorithm, it is an important issue to smooth the planned fluence maps. The objective is to achieve both high-efficiency and high-precision dose delivering by considering characteristics of leaf sequencing process. The key factor which affects total number of monitor units for the leaf sequencing optimization process is the max flow value of the digraph which formulated from the fluence maps. Therefore, we believe that one strategy for compromising dose conformity and total number of monitor units in dose delivery is to balance the dose distribution function and the max flow value mentioned above.
Introduction
At present, the precise high-energy X-ray radiation therapy technology has been widely used for the treatment of cancers. IMRT is a treatment delivery method for many different cancerous diseases such as prostate cancer, breast cancer, head and neck cancer, nasopharyngeal cancer etc. (1) .
Due to the technology advancement, IMRT delivers more conformal and uniform radiation dose to the tumor target compared with traditional three-dimensional conformal radiation technologies (2) . IMRT can form a steep dose decline trend in the target area boundary, which guarantees to reduce the injury of side tissues. Therefore, it has better performance on improving the quality of life of patients, which means higher tumor control probability and lower normal tissue complication probability. Change is thanks to the intensity-modulated X-ray delivered to the patients. Therefore, the key technology of the entire IMRT system is the inverse plan design. Under the clinical requirements and constraints of prescribed dose distribution as well as the hardware requirements such as multi-leaf collimator, the inverse plan optimization needs to determine the corresponding fluence maps of radiation beams and their decompositions (3) . The optimization of the number and their orientations of radiation beams will be not discussed in this paper. We focus on the fluence map optimization and decompositions.
Good fluence maps should have the following characteristics. First, the dose delivered by these maps on the targets region should be distributed evenly and accurately and be close to the prescribed dose. Secondly, the surround normal tissue absorbing dose should be kept as low as possible. In other words, dose on organ at risk (OAR) should be within certain tolerance to control the radiation damage. The constraints for OARs can be hard dose constraints or dose volume constraints. Finally, these maps are easy to be decomposed into several segments which can be modulated by the multi-leaf collimator. The more the number of decomposed segments there are, the more operation execution time will be needed. The more the monitor units of decomposed segments there are, the more dose leakage will happen.
The fluence map optimization problem has been studied for many years. Many mathematical models which include linear programming model (4), non-negative least square model, multi-objective programming model (5) , and mixed-integer programming model have been used (6) . Those models above have their own advantages in some aspects. Due to the accuracy of dose characterization and efficiency of model optimization, linear constrained quadratic programming model is widely used.
In order to get less total number of monitor units (TNMU) and total number of segments (TNS), some researchers have addressed the issue of leaf sequencing optimization problem (7) (8) (9) , which analyzes the relationship between the TNMU and the fluence map complexity. A "good" fluence map may lead to less TNMU and less TNS, especially for TNMU. The most important factor of TNMU is the fluctuation of those fluence maps (10) , and the most important factor of TNS is the dispersion of those fluence maps (11) . Therefore, we hope to make those fluence maps to have less fluctuation and wider dispersion when we optimize the dose distribution. For the fluence map optimization, smoothing item is always been added into the objective function to suppress the fluctuation of the maps (12) (13) (14) . These approaches introduce different denoising methods for smoothing fluence maps, which will lead to less fluctuation rate. In this article, we intend to use a direct approach to reduce the TNMU. Therefore, a better compromise can be achieved between the dose distribution and hardware requirements.
Methods

Basic Fluence Map optimization Model
Quadratic programming is a widely used model for inverse planning in most commercial systems of IMRT (15) . The objective function is used to minimize the dose deviation of target region between the prescribed dose to the actual delivered dose. It also give penalties to the delivering dose of nontarget region with different weights. In the objective function, the weights of different OARs and normal tissues play a role in adjusting the dose volume histogram on non-target regions. There are several linear constraints that need to be satisfied for optimizing the objective function. These include lower dose bounds for target regions, upper dose bounds for nontarget regions, upper mean dose bounds for some non-target regions and non-negative constraint for the beamlet intensities in the fluence maps.
For the organs to be treated, we will divide them into target regions
[1]
and non-target regions
Where u represents the number of target regions, v represents the number of non-target regions (including normal tissues and organs at risk).
To facilitate the description of the dose deposition for different areas after irradiation, the organs are discretized into voxels (the voxel size can be adjusted by different degree of discretization). The objective function of the basic model includes two parts: the first part minimizes the distance between the actual dose and the prescribed dose of target regions, and the second part minimizes the dose in non-target region. The constraints include four inequalities: the first inequality guarantees the dose coverage of the target regions; the second one avoids the emergence of hot points for some non-target regions; the third one controls the mean dose of some non-target regions; the last one is the non-negative constraint of the radiation intensity. Obviously, the objective function value represents the inverse plan quality.
The Original Total Variance Smoothing Method
The best result of the basic model is usually with some "noise" which is unwanted for the leaf sequencing step for the static multi-leaf collimator. Basically, the more fluctuations of the fluence maps have, the more complex the latter map realization will become. Therefore, we call the unnecessary fluctuations as the "noise" of the fluence maps, just like the noise in images. The "noise" will increase the TNMU and TNS. The higher TNMU will make the radiation leakage beyond our control, and the higher TNS will increase the execution time of the radiation surgery. Therefore, the noise suppression becomes an important issue for IMRT researchers.
Zhu et al. (2008) proposed a smoothing method based on the minimization of total variance, which can reduce the TNMU and TNS at the same time. They use the following item as the objective function of the model
This method is based on the principle of commonly used image denoising method. Although the total variation is based on the denoising method, we explain this method from different point of view on suppressing the max flow of the fluence map below.
the row size and column size of the fluence map, respectively. Therefore, all fluence maps can be put into a column intensity vector x, whose size is g 3 1, where
Influence matrices F T and F N are used to express the linear relationship between the intensity of each pixel in the fluence map and the dose received by each voxel in the organs for target regions and non-target regions, respectively.
Suppose the influence matrix for target regions is
;...; .
And the influence matrix for non-target regions is ( )
Element f i,j in either F T or F N represents the dose received by the i-th voxel from the j-th pixel in each unit of intensity irradiation.
Giving the intensity vector x, the dose received by the target regions can be calculated by
Similarly, the dose received by the non-target regions can be calculated by
Therefore, we can formulate the basic fluence map optimization model as shown in Equation (9) . Where the 
where W ϭ
Then we can give the definition of the corresponding digraph G 5 (V, E) of matrix A (Figure 1 ). Where, a digraph is a graph, or set of nodes connected by edges, where the edges have a direction associated with them. In formal terms, a digraph is a pair G 5 (V, E). The elements in set V are called vertices or nodes, and the ordered pairs of vertices in set E are called directed edges or arrows. In the network, s ∈ V is the source and t ∈ V is the sink. Flow is the rate that material moves through the network, where, each directed edge is a conduit for the material with some stated capacity, and vertices are connection points but do not collect material. The max flow problem is to determine the maximum rate of material flow from source to sink. Some relevant graph theory approach for IMRT please refer (16, 17) .
Let us set
[m] :5 {1,2,...,m}, [n 1 1] :5 {1,2,...,n,n 1 1}. [14] m*n is the size of matrix A.
The vertex of the diagraph is defined as
The edge of the diagraph is defined as
[16]
The weight of the edge is defined as
We have the relationship between the TNMU and the digraph expressed in the following theorem.
Theorem (8):
The minimal TNMU of a segmentation of A with interleaf collision constraints (ICC) equals the maximal weight of an (s, t) -path in G with respect to A.
According to the above theorem, we can explain how the total variance that based on the smoothing method works.
The total variance contains all horizontal and vertical edges. Therefore, if we depress the total variance value, we can control the max flow of the digraph at some level.
Inspired by the total variance based on the smoothing method, if the TNMU is reduced, we can bring down the max flow directly. In other words, we can replace total variation objective function with the max flow.
However, there are m n paths from s to t for consideration. It is impossible to add all of them to the objective function. So we choose a subset of the s-t path set, which only includes the horizontal s-t paths. In these paths, the flow begins from vertex s, and will not go up or down to the other row until reaching the vertex t. From our statistical estimation, we have discovered that the max flow of these horizontal paths is often similar to the max flow of all s-t paths of the graph. Therefore, if we keep the max horizontal flows at some low level, we may have a good fluence map which has low TNMU.
Furthermore, for the leaf sequencing process of any fluence map, if we do not consider the interleaf collision constraints, we can conclude that the lower bound of TNMU is equal to the max number of each line's max flow, which can be expressed as max
There exist many fluence map decomposition algorithms which keep the TNMU at the lowest level. This is due to the fact that it is not a NP-hard problem to find the leaf sequencing result while minimizing TNMU. However, if we want to decrease the TNS, it becomes a NP-hard problem. There are many good researches on reducing the TNS while keeping the TNMU at the lowest value. A greedy search algorithm (8) has been used in the leaf sequencing process for reduce the TNS, and minimize the TNMU at the same time.
The Proposed Method
The beginning edge value, ending edge value, and middle horizontal edge value are defined in Equations 19, 20, and 21, respectively. i,1) ) 5 a i,1 .
d(s,(
[19]
d((i,n 1 1),t) 5 0.
[20]
For every flow in one horizontal row from s to t, the flow value equals to the sum of non-negative elements in that row of the transverse differential matrix. Due to the absolute value of the sum of non-negative elements in one row that equals to the absolute value of the sum of positive elements in the same row, the sum of all absolute values in one row is exactly two times of that flow value.
Therefore, we use the max flow of all horizontal paths of the fluence map as the objective function for trade-off with the dose goal. The corresponding model can then be expressed as in Equation (22): where (*)′ represents the transposition of matrix*. If we use dummy variables, the formulation above can be converted into a linear constrained quadratic programming model as in Equation (24).
Now we compare the smoothing term of total variance and ours. The total variance smoothing term sums up all horizontal and vertical edges from the fluence map, while our model only includes the maximum sum of a line's horizontal edges. That is to say we ignore the vertical edges and other lines' horizontal edges. Therefore, the smoothing term from our model is much weaker than that of the total variance model. We believe the smoothing term of our model will be enough for reducing the TNMU, because we found that the key point of smoothing the fluence map is to use the max flow of fluence maps.
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Results and Discussions
Our primary experiments were carried out under the Matlab7.0 environment. The mathematical solver is the commercial package Mosek4.0. It is used for solving linear constrained quadratic programming optimization problems, formulated by our model and the comparison model, which is based on the interior point method for fast convergence. All the numerical experiments were running on a desktop computer with a 2.5 GHz Pentium Dual-Core processor and 2 GB of memory. The comparison model is the smoothing model based on the total variance model mentioned above. The testing case includes one head-neck case and one prostate case, which are downloaded from the CERR website (http://radium.wustl. edu/CERR/examplearchives.php). The radiation beams are equally set surrounding the target. For the head-neck case, the radiation beam number used is five, while for the prostate case the radiation beam number is seven. In addition, target and non-target dose requirements for two testing cases are given in Tables I and II. Table III shows the Mean dose of all organs for the head and neck test case.
For the leaf sequencing process, we use the greedy search method (8) to decompose the fluence matrices resulted from our model and the total variance smoothing model. 
[24]
Both for head and neck cases and the prostate case, we can find that the curve with triangular marks is much lower than the one with circular marks in the objective function value vs. max flow charts as shown in model is better than that of the total variance based smoothing model while their max flow are kept at the same level. Please note that the max flow is equivalent to the TNMU value according to the previous discussion. The better dose distribution represents more uniform dose for the target region or fewer doses for the non-target region.
In order to perform the dose distribution advantage, we choose the points in the objective function value vs. max flow chart whose max flow value is about 100. Then we draw the dose volume histogram of the target region and non-target region for those two test cases as shown in Figures 3, 4 , 6, 7. We also give the cross-sectional display comparison of dose distributions for those two test cases as shown in Figures 8 and 9 , which will provide dose spatial distribution information. For head and neck test cases, the dose volume histogram of target region shows that the solid lines and the dash lines are close to each other, where the dash lines represent the results from total variance based on smoothing model, and the solid lines are from our model. This indicates that the dose distribution of the target region is kept the same for our model and the total variance based smoothing model. However, we can find that in the dose volume histogram of non-target region for head and neck test cases, the solid lines are better than the dash lines. Especially for the organs such as brain stem, mandible and other tissues as shown in Table IV , the solid lines are much lower than the dash lines. From Table IV , mean dose of all organs for head and neck test cases, the dose of brain stem, mandible and other tissues from our model is 24.5 Gy, 54.5 Gy and 43.1 Gy, while the dose from total variance based smoothing model is 29.0 Gy, 58.4 Gy and 47.4 Gy. From Figure 8 , The dose distribution of the right cross section is much better than the left one. Those results show that less radiation harm is received from our model while the same conformal radiation therapy for the target is carried out. Furthermore, the fluence maps from our model were decomposed to 55 segments with TNMU 100; while the fluence maps from total variance smoothing model were decomposed to 58 segments with TNMU 101. The performance above also indicates that the fluence maps resulted from our model can be implemented as easy as the maps from the total variance based model.
In the dose volume histogram of the target region for the prostate test case, the solid lines are lower than dash lines, which mean the dose conformability is better for our model. In the dose volume histogram of the non-target region for the prostate test case, the solid lines are also lower than dash lines, especially for femoral heads, bladder and other tissues. The mean dose of those organs resulted from our model is 17.6 Gy, 30.9 Gy and 40.1 Gy, while the mean dose from the total variance based smoothing model is 24.7 Gy, 37.8 Gy and 44.2 Gy. From Figure 9 , the dose distribution of the lower cross section is much better than the upper one. Furthermore, the fluence maps from our model were decomposed into 52 segments with TNMU is 100; while the fluence maps from total variance based smoothing model were decomposed into 49 segments with TNMU is 100.
The results of two test cases show the advantage in suppressing the TNMU of our model while smoothing the fluence map. When the TNMU is kept at the same level, the fluence maps optimized from our model perform more uniform dose for the target and fewer doses for the non-target region. The novel contribution of our model is that we add the key item, max flow of fluence maps, which can be expressed as the TNMU or smoothness of maps. This work illustrates one of the directions of fluence map smoothing problem. 
Conclusions
This paper proposed a novel fluence map optimization model which depresses the max flow of the maps. The results show that the optimization results with the same level of the total number of monitor units (TNMU) for the fluence maps obtained from our model have much better dose performance for the target and non-target regions than the maps derived from total variance based on smoothing model. The result shows that our model can achieve good dose distribution to suppressing the TNMU at some acceptable level. However, we only consider the horizontal path flow in this paper. For the further study, we will consider multiple path flow of the digraphs from the fluence maps.
